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Supplement to “Growth Accounting” [2000/May]:
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Hideyuki Kamiryo
(Received on March 21, 2000)

This note supplements Chapter 4 in “Growth Accounting: a New Approach
Using Recursive programming” [2000/May] and briefly presents the structure
and limitations of the Cobb-Douglas production function by using the Solow
model. The Solow-Kamiryo model reinforces the limitations.“ Also, case-stud-
ies/examples in these models are shown using recursive progfamming: maximum

repeating time, t, is set at 1250.

Review of the Solow model and its limitations

The purpose of this supplement is to review Solow [1956, 1957] and clarify
the limitations of the Solow model in terms of Propositions 3-1 and 3-2 in -
Chapter 3. First, let me briefly formulate the equations in the Cobb-Douglas
production function, following Hicks-neutral in technology and reviewing the
relationship between Harrod-neutral and Hicks-neutral. Second, let me review
the Solow model, and find its limitation that cannot overcome even using an

additional parameter.

1 Equations of the Cobb-Douglas production function using

Hick-nelitral

First, using my own way, I formulate the equations inherent in the Cobb-
Douglas production function. These equations are based on Hick-neutral tech-
nology and not inconsistent with the literature: ¥ = A(?) F(K, L) = F(A(DK, A(H)L).
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Why did 1 take Hicks-neutral instead of Harrod-neutral expressed as Y=
F(K, A(H)L)? Three reasons: (1) Hick-neutral can generalize a discrete model
(such as the Kamiryo model). When the Cobb-Douglas production function
follows Hicks neutral, this production function can be compared with the gener-
alized discrete model. * (2) The relationship between the level of technology and
the capital-output ratio can be formulated in Hicks-neutral but not using Harrod-
neutral. (3) Hicks-neutral is called total factor productivity and fits my notion
that physical and human capital should cooperate with each other as a whole.
The equations inherent in the Hicks-neutral Cobb-Douglas production function

are formulated as follows: |

Y = A()F(K,L) = F(AOK, ADL).  Y(£)= (" K(1)* (" L)

Thus, log Y(¢) = tAloge + & -log K(¢) + (1 — &) log L(#)-

avide . dK/di dL | di
. .

—).+0¢-—E—+(1~a)- 3 (1)

o is the share of capital/profit to output or the elasticity of outpu’é with
respect to capital, where output is gross domestic product less capital-
consumptlon and indirect taxes.

Y is shown as output or factor income, where Y is the sum of profit, P, and
wages or compensation of workers, W: Y=P+W. Indirect taxes are not
included in Y.

2 is the rate of Hicks-neutral technological progress (the growth rate of per
capita output divided by the relative share of labour).

n, s, ¢, and A are given as parameters in the production function.

Basic functions of the growth rates of capital-output are shown as follows:

1) Why does the Cobb-Douglas production function use the depreciation rate, 6, as a pa-
rameter, together with n? This may be the only way to derive the growth rates. This

+8 since §=Dgp /K. My model

measures S as a variable using the coefficient of tlme preference as a parameter and the

framework, however, reduces to .—+6 n+

growth rate of output as a variable (see Appendix 1-1).
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s s SY S K
=-— since —=—-—=-—=-—_ yusing Equation 1. 2
8 =5 O Y E KX g Eq (2)
OCS . . 2) .
gY=l+(1—oc)n+?,us1ng Equation 1. (3)

Consider Equations 2 and 3. If Q is a variable, then neither gk NOr gy can be
calculated even if the fate of technological progress, A, is given. If the value of
€ is given, then both values, gx and gv, can be measured. Before that, how is
) given/measured? Even if the rate of technological progress A, is given, the
value of Q is unknown. There seems to be no solution.

However, a method for measuring gx and gy can be found in the long run (in
the balanced growth-state) as follows

Let variables in the long run be indicated by a superscript, *, i.e., in the long

run, gy =gx or g, =g;, and both Q and A are Q" and A",

(1-or)s

If gy =gy, then Q'=—— " 4
& =8 X +(1-an @)
. A o-s .

This is because a- ),+(1—oc)n+E and, accordingly,

s=A-Q+(-a)n-Q+a-s

e s S{A*"'(l_o‘)”} X+(l-on X
Asaresult, gy =g, =——= = = +n,
Q (1-a)s - l-o
* ® S Z./*
= = = -+ . 5
8y g[; O l-a h %)
TR
or, = = . 6
8y = &k |~ | ( )
* * - . _ 8k~ gY

If gy =g, then g.. =0 since =

8y = 8k 8o gq = I+g,

Equétions 5 and 6 illustrate the same reéults that Solow [1956, revised 1969,

p. 94] derived. They can also be expressed as follows:.

. - Y/dt
K/ dt =K/K, K=§,and gy = ar/

2) Where, g = =Y/7Y.
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* A
YT (7
+n '
-
A =(1-a)——np (8
=] o

Equations 7 and 8 imply that if A’ is given then Q" is measured and if Q" is
given then A" is measured. The Solow model assumes that A” is given as a
parameter.

In short, the Cobb-Douglas production function in the long run, if A is given,
extracts and measures the capital-output ratio, Q', under g- =0. The results in
the long run are the same as Solow’s. Unfortunately, both the capital-output
ratio, Q(#), and the rate of change in the capital-output ratio, go (), still remain
unexpressed and cannot be calculated in the short run (see Figures 4-1 and 4-2

[Growth Accounting, pp. 121-122] for a quick comparison).

2 Relationship between Hicks-neutral and Harrod-neutral

What is the difference in the Cobb-Douglas production function between
Hick-neutral expressed as Y=4(f) F(K, L)=F(A(?) K, A(#)L) and Harrod-neutral
‘expressed as Y= (K, A4(#) L)? Harrod-neutral is 1abour-augmenting.4) I prefer
| Hicks-neutral as for the three reasons stated above. However, the relationship
between both “neutrals” can be expressed by simply using equations. There-

fore, the difference is only a difference of notion/thought: it is easy to change

3) When the necessary condition in the balanced growth-state, Q" =0=S/S,, is intro-
duced into the production function, then the value of Q' is given and, as a result, the
value of A* becomes a Variable by setting the ratio of undistributed profit to output, Sspry,
as a variable (see the next section).

4) Romer, D [1996, p. 7]: A and L enter multiplicatively. AL is referred to as effective
labour, and technological progress thait enters in this fashion is known as labour-aug-
menting or Harrod-neuiral. If knowledge enters in the form Y=A(K, L), technological

progress is Hicks-neutral.
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from one to the other using equations. |

Before starting, let me briefly review Solow [1956]. Solow [1956] proposes
an exogenousl growth model, starting with the Harrod-Domar [1947, 1948]
model® that does not inv:olve technology. This model uses the Cobb-Douglas
product/idn function, where per capita output, y, is a dependent variable and per
capita cai)ital, k, is an independent variable. The model sets the following
ratios each as parameters: the rate of saving; s, the growth rate of population/
workers; n, the relative share of profit; Ha, the level of technology; A, and the rate
of technological progress, A. The capital-output ratio, Q, is not used directly,
but implicitly included since y=k/Q. For the level of technology, Solow
[1956; 1969, p.A 94 as a correction] expresses the growth rate of per capita output
as the rate of technological progress divided by the relative share of 1abour:
g=A/(l-@). This is Hick-neutral since the growth rate of per capita output
equals the rate of technological progfess in Harrod-neutral. Solow [1957]
explicitly uses Hicks-neutral: ¥Y=A(%) F(K,L) as shown in his Equation 1la.
Solow has respected Arrow’s [1962] “learning by doing” in almost all his papers,
and I interpret this attitude as. supporting Hicks-neutral technology.G)

Now the relationship between Hicks- and Harrod- neutral is expressed as

follows:”

5) In this thesis, I call this model as the Harrod model. Partly because I cite “Fundamen-
tal Equations™ in Harrod [1973, pp. 16—31] for comparison with the Solow model.

6) There are two interpretations for technological progress; one is embodied (defined as
a situation that technological progress is done ohly by new capital and labour) and the

~ other is disembodied (defined as a situation that technological progress is done by old
and new capital and labour). My model is based on disembodied technological progress.
Disembodied technology is expressed in the capital-dutput ratio on average. Embodied
technological progress is involved in the rate of change in the capital-output ratio.

7) Tﬁe relationship between Harrod-neutral and Hicks-neutral is discussed 1in Jones
[1998, pp. 32—45]. Only for the comparison between both neutralities, do I use Ay and
Ay for Harrod-neutral. T use Hicks-neutral, A and A, in this thesis. Jones uses “A” in

Harrod-neutral and “B” in Hicks-neutral, each for the rate of technological progress.
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Hicks-neutral: |
Y=AK*["® and
y=Ak” where the level of technology, A, is Hicks-neutral and, accordingly,
LT St

gy =A+0a- gy +(1—-a)n, where A=AlA.

2 .
g, = 1—:; , which corresponds with Solow [1956, 1969]. )]

Harrod-neutral:
Y =K*(4,L)"* and
y= k"‘AHl_a where Ay is Harrod-neutral and, accordingly,
X =0 !C_ 4 (1 — a)_Ai
y k Ay

This equation is also shown as
g=0 gt (1=l | (10)
where Ay = AH / Ay and gi=Ay in the balanced growth-state: g,=g;.
Thus g,=gi=Ay since g=0" gk+(1—d)/'LH and g;=Ay In short, it was
proved that the growth rate of per capita output equals the rate of techno-

logical progress in Harrod-neutral.

What is the relationship between the Hicks-neutral A and the Harrod-neutral
A4? This relationship between each rate of technological progress is simple:

A=Ay %or Ay =/”t$ (11)

* Why did Jones [1998, p.42] prefer Harrod-neutral, Ay and A5? Jones [ibid.,

p. 44] pointed out that if the growth rate of per capita output equaled the rate of

technological progress, the relationship between these two ratios is shown using

a 45-degree line.
I can connect Hicks-neutral (A and 1) in the Cobb-Douglas production func-
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tion (as the Solow model) with thé Kamiryo model. However, I must indicate
that the growth rates of output and per capita output measured using Hicks-neu-
tral are higher than those measured using Harrod-neutral. This is because
Hicks-neutral A4 is higher than Harrod-neutral Ay, Hicks-neutral technology is
called total factor productivity growth (or multifactor productivity growth as
indicated by Jones [1998]) and shows the difference (Solow’s residual) between
the growth rate of output and the sum of the growth rates of capital and labour.
Solow sets total factbr productivity as a parameter or residual, but I measure it
endogenously. 1 show both cases‘ in my model using recu'rsive-programming n
Tables 4-1-1 to 4-1-3. _

In Tables 4-1-1 to 4-1-3, the following‘results are of interesting:

1. Use of gy(?) and gx(?) in the Hicks-neutral technology (see Table 4-1-1): Set
a=o - gx(?), b=(1-a)n, and the rate of technology, A, as a parameter. The
difference between gy(7) and the sum of a, b, and A is not zero in the case of
the Solow model and the Solow-Kamiryo model because of the limitations

- of the Cobb-Douglas production fuﬁction. This difference is larger when

A=0.05 as an optional/random parameter as in the Solow model than that
measured when A=0.032185 as a variable derived from my proposition in
the Solow-Kamiryo model.

2. Use of g,(f) and gi(?) in the both Harrod-neutral and Hicks-neutral technol-
ogy (see Table 4-1-2): The value of the effective capital-labour ratio, k, is
defined as K/AL. For the Harrod-neutral technology, set a,=q - i), b=
(1-)n, and the rate of technology, A=0.038532, which is connected with
A=0.05 as the above parameter in the Hicks—neﬁtral technology.® For the
Hicks-neutral technology, sét a=a - gx(?) and A=0.05. The difference for
the Harrod-neutral is that calculated Between g,(?) and the sum of a,+5 and
the difference for the Hicks-neutral is that calculated between g,(%) ahd the
sum of a+ A. | |
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3. When the rate of technological progress is derived from my propositions, the
results wsing the Solow model equals the results using the Solow-Kamiryo
model (see Table 4-1-3).
In short, when the Cobb-Douglas production function introduces my proposi-

tions, the results become more appropriate, but still have its inherent limitations.

Finally, let me show the abpve tables and also Appendix A4, whose contents
are the following:
For Chapter 4 (for the method that measures the elasticity, see 41(1)).
A4-1 Case study of the Solow model with lambda given and the structure of
| elasticity of substitution: IRC, CRC, and DRC:
A4-1-1 /1v= 0.05 with Figure A4-1-1: IRC (increasing returns to capital)
A4-1-2  A=0.041025 with Figure A4-1-2: CRC (constant returns to capital)
A4-1-3  A=-0.01 with Figure A4-1-3: DRC (diminishing returns to capital)
A4-2 Case study of the Solow model and the Solow-Kamiryo model with =0
(including the case of sgpry=n) and the structure of elasticity of substitu-
tion: only under DRC |
A4-2-1 A=0.0 with Figure A4-2-1: DRC
A4-2-2  A=0.0 (sgpy=0.044984) with Figure A4-2-2 in the Solow-Kamiryo
model: DRC |
A4-2-3 sgpy=1n=0.01 (resulting in A=0.0) with Figure A4-2-3 in the Solow-
Kamiryo model: DRC
Ad4-3 Case study of the Solow-Kamiryo model with ¥>1, ¥ =1, and ¥ <1 and
the structure of elasticity of substitution: IRC, CRC, and DRC }
A4-3-1 A(0) and A (=0.032185), where sgpry=0.044984, are variables under

8)  Set 1/(1—0)=1/(1-0.08)=1.08695. 'The relationship between the Hicks-neutral and
Harrod-neutral is Apamod= A’ (1/(1—0)) (see, Jones [1998, p. 42], where A micks=Anamoe”
(1-)). Thus, Ayamea= 0.05"1.08695.
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S=€ - Sp with Figure A4-3-1 in fhe Solow-Kamiryo model: IRC

A4-3-2  A(0) and A (=0.021458), where sgpy=0.033324, are variables under
S=€ - Sp with Figure A4-3-2 in the Solow-Kamiryo model: CRC

A4-3-3 A(0) and A (=0.0138), where sgp,v=0.025, are variables under S=
Q -'Sp with Figure A4-3-3 in the Solow-Kamiryo model: DRC

A4-4 Case study of the Solowlmodel and the Solow-Kamiryo model: with

=0 & a=1 and the structure of elasticity of substitution |

- A4-4-1 A(0) and A (=0.007993), where sgpy=0.017993, are variables under
S=Q - Sp in the Solow-Kamiryo model: DRC

A4-4-2  A(0) and A (=0.0), where sgpy=0.033324, are variables and o= 1
under S=Q - Sp in the Solow-Kamiryo model: CRC
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For Chapter 4

Supplement to “Growth Accounting” [2000/May]
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For Chapter 4

Supplement to “Growth Accounting” [2000/May]

Hideyuki Kamiryo
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For Chapter 4
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