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A version of an endogenous Cobb-Douglas production function

This note presents a version of a Cobb-Douglas production function which

introduces a function of consumption into the relative share of rental. This pro-

duction function is an extension of Solow’s [1956]. The base of this version is

supported by Kamiryo [2005b and 2005c]. In equilibrium, a GDP of the sup-

ply-side is equal to the sum of consumption and saving as national disposable in-

come of the demand-side. This is proved using equations. I denote a

GDP=income as output, Y, where the sum of a modified compensation of

employed persons/wages and a modified return/profit/rental equals the sum of

consumption and saving: Y=W+P=C+S. Hereafter, I omit a word of “modi-

fied” in this note.

Why can a Cobb-Douglas production function be endogenous under constant

returns to scale? In a case of increasing returns to capital (IRC) at the current

situation, IRC is offset by a “minus” growth rate of population/employed persons

over time, where the parameter for the neutrality of diminishing returns, delta,1)

1) d(t) gradually reduces to alpha under convergence, starting from d(1). Decreasing

returns to capital (DRC) or increasing returns to capital (IRC) is shown at d (1): if

d(1)>a, the initial situation is under DRC and if d(1)<a, the initial situation is under

DRC. The initial value of d(1) is calculated using the initial parameters, n, a, i, and b*

under convergence (see Kamiryo [Eq. 4-2, 2005c]. In short, delta is one of the initial

parameters, n, a, i, and the capital-output ratio.
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is less than the relative share of rental, alpha, at the current situation, but under

convergence (in the balanced growth-state) delta becomes equal to alpha. In a

case of decreasing returns to capital (DRC), delta is higher than alpha at the cur-

rent situation, but under convergence delta becomes equal to alpha.

Why is the level of technology, A, not a factor unlike capital and labor in

Y=AKaL1–a, even when the exogenous growth is renewed as an endogenous

growth? I use saving or net investment for growth, similar to Solow (hereafter,

I omit “net” for net investment in this note). But, some part of net investment

is used for accumulating physical capital and the remainder is used for accumu-

lating the improvement in technology. To express this division, I use a share

parameter, beta, for investment in capital and “1-beta” for investment in

technology. For example, the increase in (physical) capital is shown as

DK=IK=I ·b. Capital increase in the Solow model corresponds with a capital

increase of mine under beta=1 or under no (endogenous) technology.

This parameter, beta, shows the level of structural reform and called the struc-

tural reform parameter. Without structural reform, a part of investment cannot

shift to technology. The value of beta at the current situation converges to beta*

under convergence. Both the current beta and the beta* under convergence are

derived (see Kamiryo [Eqs.3 and 1, 2005c]) using the several initial parameters,

whose data are capital, labor and its growth rate, output, consumption, saving,

and “wages and rental” modified/estimated using (rho/r)(c) (see Kamiryo

[2005b]). Then, the value of delta is derived by using these initial parameters

together with beta* (see Kamiryo and Fujimoto [Eq.46, 2005a]). Furthermore,
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Now let me express the transition of investment in capital and technology
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using time, t. First I will summarize how to introduce a convergence-process of

beta and delta into my model. Second, I will formulate a Cobb-Douglas pro-

duction function whose independent variable is the ratio of investment to output,

where I introduce a function of consumption,2) (rho/r)(c), together with the work

of beta and delta.

First, the current values of beta and delta each converge to beta* and alpha

under convergence. In particular, delta neutralizes diminishing or increasing

returns to capital: the higher the delta than alpha the more diminishing and the

faster the convergence. It takes much more times/years for my endogenous case

to converge than the years for the exogenous case to converge, which was first

measured by Barro and Sala-i-Martin [1995]. In my endogenous case, a full

length of years needed for convergence is calculated by 1/((d–a)n) and a half (of

difference) length of years is calculated by 0.69/((d–a)n), using 0.69 shown by

Barro and Sala-i-Martin [1995].3) Of course, both beta and delta fully converge

to beta* and delta* at the same time. The method for calculating a discount rate

to reach beta* or delta* is shown as follows: Let me show a case of beta. The

difference of beta and beta* per year is obtained by dividing this difference with

the above convergence years. A power shows “the discount rate of beta, rbeta,

plus 1.0.” This power is shown as natural logarithm multiplied by power expo-

nent, which is the difference of beta per year: POWER (2.7182818, the expo-

nent) is used in the Excel.

Second, I will show a Cobb-Douglas production function that introduces (rho/

r)(c) and each transition of beta and delta for convergence, by using the ratio of

2) The function, (rho/r)(c), is, at the same time, replaced by(rho/r)(a). I use the dis-

count rate of consumption (or for consumers) so that (rho/r) is called the utility coeffi-

cient.

3) I am much obliged to Dr. Toshimi Fujimoto for his advice and review of the

framework. For the parameter of the speed of convergence, (d–a)n , see Kamiryo and

Fujimoto [Eq.33, 2005a] and for the above length, see Kamiryo [2005c]).
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investment to output as a common independent variable, where variables are the

rate of technological process, the growth rates of output and capital, and the ratio

of rental to capital. The initial ratio of investment to output is defined as

i I Y∫ 0 0/ , where the ratio of saving to output, s, is connected with i:

i s∫ ◊q .4) When time, t, is introduced, the ratio of investment to labor, iI/L(t), is

formulated (simply abbreviated as i(t); without using output):

i t I t L t( ) ( ) / ( )∫ . Yet, both i and i(t) are divided into capital and technology:

(1) Per output; i= iK + iA,5) where iK= i ·b* and iA= i · (1-b*). (2) Per capita;

i(t)=iK(t) + iA(t), where i(t) = i ·y(t), iK(t)= i(t)·b (t), and iA(t) = i(t) · (1–b(t)).

Next, I will show the growth rate of capital at the initial/current situation and

that under convergence, where this rate equals the growth rate of output. Before

starting, I stress that the level of technology, A(t), is expressed by “per capita” in

both y(t)=A(t)k(t)a and Y(t)=A(t)K(t)aL(t)1–a.6)  Per capita technology, A, well

matches the use of “per capita capital,” k.

The relationship between capital and per capita capital is a starting point:
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4) The parameter, q=i/s, presents important relationships as shown by (1)

q a
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ˆ
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 for

the current external balance.

5) If b=1 and q=1, i=iK+ iA in my model will reduce to s=sK+sA, similarly to Mankiw,

Romer, and Weil [1992]. Nevertheless, I use net investment, instead of saving, for

transitional paths.

6) In the case of y(t)=A(t)k(t)a, y(t)/k(t)=A(t)k(t)a/k(t) holds. Thus, A(t)=k(t)1–a/W(t),

where the capital-output is W(t) and the level of technology, A(t), must be per capita,

corresponding with k(t). In the case of Y(t)=A(t)K(t)aL(t)1–a, similarly, A(t)=(K(t)1–a/

L(t)1–a/W(t), where A(t) must be per capita, corresponding with k(t).
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Or, DK(t)=i·b(t) ·Y(t)=i·b(t)·A(t)·K(t)a·L(t)1–a and

g t K t K tK ( ) ( ) / ( )∫ D . Thus,  gK(t)=i·b(t) ·A(t) ·k(t)a–1 holds.

The rate of technological progress, gA(t), is expressed, similarly to gk(t) but

with a neutralizing diminishing-returns, d(t):
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This equation shows a technological progress function of the ratio of invest-

ment to labor, i(t).8)

Then, let me show the above equations under convergence. First, the rate of

technological progress under convergence, gA
* , is shown: g iA

* *( )= -1 b , where

a=d* and k(t)a-d
*
=1. Also, under convergence, g g

i
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= =
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derived.

Saving corresponds with net investment after depreciation. The above growth

rate of capital or per capita capital under convergence is closely related to the

7) In the continuous case of Dk(t), starting with k=K/L, 
dk

dt L

dK

dt

K

L

dL

dt
= -1

2  and thus,

dk

dt L
i Y k

dL

dt
L= ◊ ◊ -1 b / . Therefore, k i y k n

∑
= ◊ ◊ - ◊b . This was confirmed by Dr.

Toshimi Fujimoto.

8) As shown below, I distinguish i s S Y∫ ◊ = ◊q q0 0/  with i(t)=I(t)/L(t)=i ·y(t).

9) A(t) ·k(t)a–1=k(t)1–a·k(t)a–1/W*(t)=1/W*(t).
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depreciation rate with technology, where we may assume that both are equal.10)

Finally, let me show a Cobb-Douglas production function in discrete time. In

my endogenous growth model, I use the values of (rho/r) that changes by the

ratio of consumption to output, c, instead of using an exogenous rate of techno-

logical progress in an exogenous growth model. In a Cobb-Douglas production

function, first I replace the relative share of rental, a, by 1
1- - s

rho r( / )
:

Y AK L
s

rho r

s
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- -
1

1 1
( / ) ( / )  or y Ak
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1
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The transition of each item, A(t), k(t), and y(t) are shown as follows:

(1) For the level of technology, A(t):
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A t t k t i t( ) ( / ( )) ( ) ( ( ( ))= - - + - -( )-1 1 1 1 1 11W a b  by assuming a=d.

10) Let me assume that the minimum limit of gross investment is zero (setting aside of

the disposal of physical assets). Then, net investment equals depreciation or the

growth rate of investment to capital equals the depreciation rate under convergence.

Since the rate of technological progress, is endogenous, the corresponding rate of

depreciation is also endogenous and includes technology. This finding is important in

estimating capital when capital is not available.

11) A k i* * * *( / ) ( ( )= + -( )-
1 1 1

1W a b  will be derived under convergence. However, this

is not completely equal to A*=k*1–a/W*, whose difference is the rate of technological

progress, i (1–b*). I interpret that when delta become equal to alpha, the rate of tech-

nological progress disappears.  Note W*=k*/y*. Nevertheless, in discrete time, we

cannot directly obtain the value of k*.
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(2) For the growth rate of per capita capital, k(t):

As a base, k t k t i t nK( ) ( ) ( ) / ( )= - + -( ) +1 1 1  and iK(t–1)= i(t–1) ·b(t–1).

i t i
k t

t
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( )
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-
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1

1
1 1

W
a  is used similarly to the case of A(t).
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1 1

1

1
b
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Therefore, k t k t i t t n( ) ( )( ( ( ) / ( )) / ( )= - + ◊ - -( ) +1 1 1 1 1b W . (3)

(3) For the growth rate of output, y(t):

y t A t k t i t t n( ) ( ) ( )( ( ( ) / ( )) / ( )= - + ◊ - -( ) +[ ]1 1 1 1 1b
a

W , (4)

where A t t k t i k t tt( ) ( / ( )) ( ) ( ) ( ( ))( )= - - + ◊ - - -( )- - -1 1 1 1 1 11 1 1W a d b .

Besides the above four equations in transitional paths, I need to explain one

more parameter, the utility coefficient to capital, (rho/r)W*, that is related to con-

sumption to capital as in Tinbergen [1956]. This value is obtained from the util-

ity coefficient, (rho/r). The relationship between (rho/r)W* and (rho/r) is

explained by the relationship between the function of consumption/compensation

and the function of consumption to capital, using the following equations:

1–a=(1–s)/(r/r) and ( )
( / ) *

*
1- =

◊
a i

rho r W W
. Why do I need the utility coeffi-

cient to capital, (rho/r)W*? This is because W* (i) is only obtained using the

above function of consumption to capital. As a result, the result of b *(i) consis-

tently matches the result of b *(W*). Otherwise, we cannot obtain b *(W*). This

idea comes from the above Tinbergen’s C/K=c/W.

In short, in my endogenous growth model, rho, rhoW, and alpha are calculated

back, using the initial parameters, n, c (or s), q, and W. And, as results, i, beta,

beta*, delta, k, y, r, the rate of technological progress, and the growth rates, in

transitional paths and under convergence, are each measured. The staring point

is that output equals income based on S+C=Y=P+W, where rental and compen-

sation/wages are modified. rho is the discount rate for consumers and r is the

ratio of rental to capital for output and capital. And, national taste is well
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involved in a quadratic function of (rho/r)(c) by country.

At the end, I lease an interesting note in terms of discrete vs. continuous: my

discrete model uses beta, starting with five parameters at the initial

situation. This beta is called betaEMBODIED, but differs from the beta

(betaDISMBODIED) disembodied in the level of technology at the initial situation and

expressed as a weighted average of the past performances. As a preliminary

discussion, I distinguish two capital stocks in the Cobb-Douglas production func-

tion: (1) before the division of qualitative and quantitative capital stock (each

divided by b) and (2) after that division (each multiplied by 1–b and b). Capital

stock, k, remains unchanged since b
b

k ka a=  holds before and after the above

division. Here I use  B ∫
-( )1 b
b

 or b
b

∫
+( )
1

1
. Then, the level of technol-

ogy, A, is defined as A Bk∫ ( ) -1 d . Its power reduces to 1–a under convergence:

from 1–d  to 1–a . Only under convergence, a AK model appears:

y=Ak=(Bk ) 1–a·ka. Regardless of the situations, the product of A and W is k1-a,

where  W = =k

y

k

Aka  and  A=k 1–a/W hold. As a result, the capital-output ratio

is set as W =
-

-
k

B

d a

d1
: k A Bk

k

B
1 1

1
- -

-

-= ◊ = ( ) ◊a d
d a

dW . Note that the BDISEMBODIED used

for the initial A or W differs from the BEMBODIED used for investment after the ini-

tial situation. This is because betaDISEMBODIED (or simply bSTOCK) in the initial A

is a weighted average in the past, and betaEMBODIED (or simply bFLOW) calculated

at the initial situation is newly determined by the initial parameters and used for

the future. In this respect, the difference between embodied and disembodied

are distinguished by the ratio of AFLOW/ASTOCK or WSTOCK/WFLOW:

BFLOW = BSTOCK · (AFLOW/ASTOCK) or BFLOW = BSTOCK · (WSTOCK/WFLOW).
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Table 1-0 Balance of payment (S-I)=budget surplus/deficit (S-I)BUDGET+(S-I)PRI by
country



Papers of the Research Society of Commerce and Economics, Vol. XXXXVI No. 2

210 ――

βα δ α

βα δ α

β

δ δ δ

δ δ δ

α

β

βα δ α

βα δ α

β

δ δ δ

δ δ δ

α

β

βα δ α β

δ δ δ

βα δ α β

δ δ δ

Table 1-1 The current situation in transitional path: the differences between bbbbb -bbbbb*

and ddddd -ddddd * = ddddd-aaaaa

β
δ

β
δ

β
δ

β
δ

β
δ

β
δ

Table 1-2 The values of beta* and delta by country and by year for the total economy

�
� � �

�
� � �

�
� �

�
� � �

�
� � �

�
� �

Table 1-3 The values of beta and i·beta* by country and by year for the total
economy
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Papers of the Research Society of Commerce and Economics, Vol. XXXXVI No. 2

212 ――

α α θ
α

α α θ

α

α

α

α α θ

α

α

α

α α θ
α

Table1-7 The valuation ratio of capital with its vetical asymptote (and its curvature),
by country

α

α

α

α

α

α

Table 1-8 The rate of saving, s, and the relative share of rental/capital, alpha, by
country

Table 1-9 The function of consumption, (rho/r), and (r/w) for capital by country



 Hideyuki Kamiryo: A C-D Production Function that Introduces (rho/r) into alpha: Results
by Sector Using Data-Set Derived from IMF Data

213 ――

Table 1-10 The discount rate of consumption, rho, and the rate of rental, r * , by
country

Table 1-11 The growthrate of output under convergence, gY
*, and the cost of capital,

r *-gY
*, by country

Table 1-12 vC /vK and the valuation ratio of consumption, vC, by country
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Table 1-13 r*/rCB, as the neutrality level of financial assets and rCB, interest rate of
the Central Bank

Ω

Ω

ΩΠ

Ω

Ω

ΩΠ

Table 1-14 The ratio of investment to output, i, and the capital-output ratio, WWWWW

Table 1-15 The growth rate of per capita output, gy
*, and the growth rate of popula-

tion, n
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∆ ∆ ∆

∆ ∆ ∆

∆ ∆ ∆

∆ ∆ ∆

∆ ∆ ∆

Table 2-1 Opportunity cost of a minus government saving expressed by the growth
rate of output in 2003
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∆ ∆ ∆

∆ ∆ ∆

∆ ∆ ∆

∆ ∆ ∆

∆ ∆ ∆

Table 2-2 Opportunity cost of a minus government saving expressed by the growth
rate of output in 2003
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Figure 1-1 The investment ratio and the balance of payment, budget deficit, and
(S-I)PRI/Y

Note:
1. When total output is used for each denominator of deficit and (S-I)PRI, the sum shows

balance of payment.
2. The balance of payment was shown here after deducting capital transfers: current bal-

ance.
3. Saving conservatively shows domestic saving. A minus investment can work as a

stopper of deficit.
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Figure 1-2 Ratio of investment and budget deficit, (S-I)G /YG, and (S-I)PRI /YPRI:with
each share of output and saving, YG/Y and SG/S

Note:
1. Assuming that the ratio of net investment in the government sector is 0.1 and output

share is 0.2, the ratio of net investment to output is 0.02. If government saving is
zero, the EU rule shows 0.02.

2. The private sector must have a plus deifference between saving and invesstment.
3. Budget deficit is shown by a minus ratio of government saving to saving, which

decreases output share.
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Figure 1-3 The cost of capital, the current external balance, budget surplus/deficit
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Figure 1-4 The cost of capital in the G sector, taxes less expenditures, and surplus/
deficit
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Figure 1-5 Quadratic equations of (rho/r) to the ratio of consumption to output, c

Note 1: The quadratic equation has a minimum point. Below this point, rental is unfavourbly
estimated.
For example, if c=0.8, (rho/r)=0.9032 and a=0.1146, but if c=0.7, (rho/r)=0.9221 and
a=0.2409.
If (rho/r)=0.88 under c=0.7, a will be 0.7/0.88=0.2045, which is less than 0.2409.
High saving countries such as Singapore and Malaysia cannot enjoy higher rental and a.
The quadratic equation differs by country but presents a hypothesis between saving and consump-
tion:
Saving and consumption usually have an invisible hand not to fall into too extreme cases.
Note 2: The minimum of c and (rho/r) by equation: cMIN (rho/r) MIN

y=3.2313c^2-5.0358c+2.8638 0.7792 0.9018
y=3.9313c^2-6.0358c+3.1638 0.7677 0.8471
y=5.0313c^2-7.0358c+3.2638 0.6992 0.8041
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β

θ

Table 3-1 Simulation of the G sector by decreasing investment and government bud-
get (final C)

Case 1: under the current situation (S-I)G shows budget surplus/defict.
Case 2: decrease investment (to 1/4) Primary balance is (S-I)G +interest paid, net.
Case 3: further decrease investment (to 1/10) For domestic saving, (S-I)–capital transfers
Case 4: decrease budget deficit (s=0.01), where (S-I)G=Taxes-Expenditures.
Case 5: decrease both investment (to 1/10) and budget deficit (s=0.03)
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β

θ

Case 1: under the current situation (S-I)G shows budget surplus/defict.
Case 2: decrease investment (to 1/4) Primary balance is (S-I)G +interest paid, net.
Case 3: further decrease investment (to 1/10) For domestic saving, (S-I)–capital transfers
Case 4: decrease budget deficit (s=0.01), where (S-I)G =Taxes-Expenditures.
Case 5: decrease both investment (to 1/10) and budget deficit (s=0.03)

Table 3-2 Simulation of the G sector by decreasing investment and government bud-
get (actual C)
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β θ

ζ

α

β β β δ α δ α

α β
α α Ω

β α β β β αα

IRC

Japan
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

IRC

Korea
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α ζ

α β

α α Ω

α β α β β β α

δ α

China
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

India
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

β β β β α

Brazil
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α

α β
α α Ω

β α β β β α

Singapore
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
Ω

α β α β β β α

Malaysia
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Indonesia
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

 

Thailand
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Philippines
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

The U S
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Canada
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Russia
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Australia
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

New Zealand
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

The U K
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Sweden
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Germany
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

France
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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β θ α

β β β δ α δ α ζ

α β
α α Ω

α β α β β β α

Italy
Data 1-2 Parameters & variables bet. the current and optimum convergence situa-

tions: G sector
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